We discuss the generalization of the Kerr-Schild (KS) formalism for general relativity and double field theory (DFT) to the heterotic DFT and supergravity. We first introduce a heterotic KS ansatz by introducing a pair of null O (d, d + G) generalized tangent vectors. The pair of null vectors are represented by a pair of d-dimensional vector fields, and one of the vector fields is not a null vector. This implies that the null property of the usual KS formalism, which plays a crucial role in linearizing the field equations, can be partially relaxed in a consistent way. We show that the equations of motion under the heterotic KS ansatz in a flat background can be reduced to linear equations. Using the heterotic KS equations, we establish the single and zeroth copy for heterotic supergravity and derive the Maxwell and Maxwell-scalar equations. This agrees with the KLT relation for heterotic string theory.
Contents
1 Introduction
One of the most intriguing features of quantum gravity is its relation to gauge theory. Although there is substantial evidence for this duality, it is most apparent from the scattering amplitude point of view. It is well known that gravity scattering amplitudes can be reformulated as the square of the scattering amplitudes of Yang-Mills theory. This structure is originated from the KLT relation [1] in string theory and generalized to the double copy relation [2] [3] [4] at the field theory level. Yet, apart from at perturbative level on a flat background, such a correspondence is not fully understood.
Recently, the double copy relation has been extended to the full equations of motion through the Kerr-Schild (KS) formalism [5] , which is a powerful tool for solving the Einstein equation by reducing it to linear equations [6] [7] [8] [9] . The important consequence is that a class of solutions to the vacuum Einstein equation can be represented by the square of solutions to Maxwell theory. Thus, the KS double copy relation is valid not only at perturbative level, but also in the non-perturbative regime. It is applied to black holes first, and extended to a broad class of examples [10, 11, [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] 56] . However, the KS double copy for pure Einstein gravity cannot describe another massless NS-NS field, such as a Kalb-Ramond field or dilaton, using the single null congruence from the conventional KS formalism. This issue was resolved in the context of double field theory [27] .
Double field theory (DFT) [28] [29] [30] [31] [32] [33] is a low energy effective field theory of strings with manifest O (d, d) T-duality [34] [35] [36] [37] . One of the crucial features of DFT is the doubled local solutions of the equations of motion of heterotic supergravity under the KS ansatz can be represented in terms of solutions of the Maxwell and Maxwell-scalar theories.
This paper is organized as follows. In section 2, we review heterotic DFT and introduce the generalized Kerr-Schild ansatz. We show that the null condition can be relaxed in the d-dimensional point of view and express the corresponding metric, Kalb-Ramond field and gauge field ansatz explicitly. In section 3, we derive the on-shell constraint for the O (d, d + G) null vectors and DFT dilaton. Then we construct the equations of motion under the heterotic KS ansatz in a flat background. We show that the form of the equations of motion is identical to pure DFT. In section 4, the classical double copy for the entire massless NS-NS sector is discussed by extending the conventional one in GR. We end in section 5 by considering some examples of the heterotic KS formalism.
Generalized Kerr-Schild ansatz for Heterotic DFT
In this section we introduce a generalized Kerr-Schild ansatz for heterotic DFT. First we give a brief review of heterotic DFT. Next, we consider properties of the null vectors in the generalized tangent space. Using the null vectors, we introduce the KS ansatz for the heterotic generalized metric and show that it is of the same form as the KS ansatz in pure DFT. We represent the ansatz in terms of heterotic supergravity fields which are expressed by a pair of d-dimensional vectors: null and non-null vectors. Finally, we discuss the Buscher rule for the generalized KS ansatz and show that T-duality maps a generalized KS ansatz to another one.
Review of heterotic DFT
We begin by reviewing heterotic DFT in terms of the O (d, d + G) gauged DFT [40, 41] and its double-vielbein formalism [58, 59] . Here G denotes the dimension of the Yang-Mills gauge group. Heterotic DFT provides an elegant framework combining the string NS-NS sector and gauge fields into a single O(d, d + G) multiplet.
Note that, unlike the O (d, d) case, the O (d, d + G) is not a split real form, thus an ambiguity arises in the parametrization of the O (d, d + G) metric JMN [60] . There are two different choices depending on whether the O (G) subgroup belongs to the positive or negative eigenvalues of J . In this paper we take the negative sign convention 
. We now consider the generalized frame for the heterotic DFT. The choice of parametrization of J in (2.1) leads the following local structure group of the generalized frame bundle 2
This structure is manifestly encoded in the generalized frame fields or double-vielbein, VM m andVMm. Here m, n, p, · · · are O (1, d − 1) L vector indices andm,n,p, · · · are O (1, d − 1 + G) R vector indices. Each Lorentz group corresponds to the left and right moving sector of the heterotic string respectively and plays an important role in the double copy. The heterotic double-vielbein satisfies the following defining properties
whereηmn = diag(−1, 1, · · · , 1) andκāb is the Cartan-Killing form for a given gauge group G. As we will see it is related to κ αβ in the O (d, d + G) metric. It is obvious that VM m andVMm are orthogonal to each other, because they have opposite chiralities
Again, solving the defining properties in (2.5), we can represent the double-vielbein in terms of the heterotic supergravity fields
If we choose the positive sign convention on J as
then the corresponding local structure group is given by O(1, d − 1) × O(1 + G, d − 1) and the kinetic term of the gauge field has the wrong sign.
where g µν = η mn e µ m e ν n =ηmnē µ mē νn ,
9)
Note that φ αā is an element of the O (G) subgroup of the O(1, d − 1 + G) local structure group. We can always choose a gauge fixing that identifies φ αā as the identity, φ αā = δ αā [61] . Hereafter, we identifyā,b, · · · the O (G) indices with α, β, · · · , and there is no distinction between κ αβ and κāb. Then we use the simplified parametrization of the doublevielbein as
We now consider the heterotic DFT action and equations of motion. As in pure DFT, the field equations are given by geometric quantities such as the generalized Ricci scalar and tensor. The explicit form of the heterotic DFT action in terms of the generalized metric and DFT dilaton is
where L 0 is the pure DFT Lagrangian, and L f , which arises from the non-abelian gauging, is the additional part containing the structure constant fMNP , It is important to note that we have to impose the section condition for the consistency of the theory
where F and G are arbitrary functions with respect to the extended coordinate XM = (x µ , x µ , y α ). The above condition is equivalent to imposing the following parametrization up to a O (d, d + G) rotation
Using the parametrization of the generalized metric (2.3) and the section condition (2.15), the heterotic DFT action is reduced to the heterotic supergravity action
where F µν is the field strength of the gauge field A µ α and H µνρ is the three-form field strength of the Kalb-Ramond field with the Chern-Simons three-form
The field equations of heterotic DFT are given by the vanishing of the generalized curvature tensors: the generalized Ricci tensor, SMN , and the generalized Ricci scalar, S. As for the action, we can separate them into the pure DFT part and the additional part which arises due to the gauging S = S 0 + S f = 0 (2.18) and
where S 0 and K 0KL are the same as in pure DFT [27] and S f and K fKL are the additional contributions containing the structure constant fMNP . Note that S is the same as the Lagrangian and K 0MN and K fMN are given by
(2.20)
Generalized Kerr-Schild ansatz
We start by recalling the null condition for the O (d, d) vectors in pure DFT. The inner product is defined by the
is the maximal splitting case, one can introduce a d-dimensional null subspace, which is the so-called maximal totally isotropic subspace [30, 62] . In general, we can divide any generalized tangent vector according to the background chiralities with respect to the background projection operators 3
where K a M andK a M are chiral and anti-chiral parts, which satisfy P 0M N K N = K M and P 0M NK N =K M .
We can explicitly solve the chirality conditions on K a andK a and parametrize them in terms of the d-dimensional vectors l andl,
whereg andB are the background metric and Kalb-Ramond field respectively. If we substitute (2.23) into the null condition of L a M (2.21), we have
This implies that the norms of l andl must be the same, l a · l b =l a ·l b . In the generalized KS ansatz (A.1), the O (d, d) constraint (A.3) requires definite background chiralities for the null vectors. We have to project out L a into K a andK a by acting on the projection operators and impose the null condition on K a andK a separately. Then one may guess the form of the generalized KS ansatz in terms of K a andK a as
where κ is a formal expansion parameter that does not have any physical meaning. Apparently the above ansatz seems to be consistent with all the constraints. However, there is a serious problem. Let us substitute the parametrizations in (2.23) into the null condition of K a andK a . The null conditions reduce to
and l a µ is a set of mutually orthogonal null vectors (l a µ as well). However, the Witt index for a vector space with Lorentzian metric signature is just one. This means that there is no mutually orthogonal null vector for a given null vector. In other words, if we impose both the null and the chirality conditions on the O (d, d) vectors at the same time, then it is impossible to find a set of mutually orthogonal null vectors with more than two elements in Lorentzian signature. Therefore, the generalized KS ansatz is simply reduced to
(2.27)
We now extend the previous results to the O (d, d + G) case. First, it is natural to assume that the generalized metric is given by the following form:
where H 0 is a background generalized metric and ∆MN is a symmetric finite perturbation. From the O (d, d + G) constraint (2.2), we obtain two requirements for ∆MN
where P 0MN andP 0MN are a pair of background projection operators for a given background generalized metric H 0MN
As before, we want to represent ∆ in terms of O (d, d + G) null vectors. Basically, the properties of the null vectors are identical to the O (d, d) case. Since the Witt index is still d even in the O (d, d + G) case, there exists up to d mutually orthogonal null vectors. However, the requirements in (2.29) imply that ∆ consists of null vectors K aM andKM a having definite background chiralities
Note that the background projection operators are parametrized in terms of the heterotic supergravity fields
whereg,B andÃ are the background metric, Kalb-Ramond field and gauge field respectively. We can solve the chirality conditions (2.31) explicitly by using (2.33), and we have the following parametrizations:
where l µa andl µa are d-dimensional vectors and j a α is a scalar in the adjoint representation of G.
The second constraint in (2.29) implies KM a andKM a satisfy the orthogonality conditions among themselves,
Substituting the above parametrization into the null condition of K a andK a , we have
Since the Witt index for each d and (d + G)-dimensional vector space is one for Lorentzian signature, there is no mutually orthogonal null vector for a given l andl. Note that l µ is a null vector in d-dimensional spacetime, butlμ is not a null vector in the d-dimensional spacetime but a null vector in the (d + G)-dimensional extended vector space. This shows that the null condition for the heterotic KS formalism can be partially relaxed, which is completely different from the pure DFT case. Collecting all the ingredients we have obtained so far, we spell out the heterotic KS ansatz as follows:
This ansatz satisfies the O (d, d + G) constraint (2.2) automatically due to the null and chirality properties of K andK without further assumption. If we ignore the gauge sector by setting G = 0, it reproduces the generalized KS ansatz for pure DFT. Let us represent the generalized KS ansatz in terms of the heterotic supergravity fields. Comparing with the parametrization of H (2.3), we can read off
where l ·l = l µg µνl ν . As one can see, the above ansatz for the d-dimensional heterotic supergravity fields is highly nonlinear in κ, however, the ansatz for the generalized metric (2.38) is completely linear. This shows that the duality manifest approach provides a powerful tool for describing such a hidden linear structure. If we turn off the heterotic gauge field, j a =Ã µα = 0, thenl µ becomes a null vector and we reproduce the KS ansatz for pure DFT as we expected. And we will show in the next section that the corresponding field equations can be reduced to linear form.
An interesting point in our metric ansatz is its relation to the so-called extended Kerr-Schild ansatz [63, 64] 
where φ 1 and φ 2 are scalar fields, and k and l satisfy
This ansatz is introduced by [63] to describe CCLP black holes [65] and generalized by [64] (see also [66] for more detailed properties). In our case, l andl correspond to k and k ′ respectively, however l andl do not have to be orthogonal to each other. If we assume that l andl are orthogonal then φ 1 and φ 2 correspond to ϕ and 1 4 ϕ 2l ·l respectively.
Buscher rule
The Buscher rule is a powerful solution generating technique in supergravities. For a given solution, we can get a new solution without solving the equations of motion when there exists an abelian isometry. It is well known that the Buscher rule is a T-duality, and it can be derived by applying an O (d, d + G) transformation to the generalized metric HMN in heterotic supergravity [61] ,
Here, z is the isometry direction. Since the generalized KS ansatz (2.38) is written in terms of O (d, d + G) vectors, the form of the ansatz should be preserved
where
Using (2.45) one can read off Buscher's rule for the background fields and l andl. In general, the transformation rule is nonlinear in α ′ , but we expand and keep only linear order terms. The explicit computation shows that the background fields transform as
(2.46) and l andl transform as
This shows that T-duality preserves the form of the generalized KS ansatz and maps a generalized KS spacetime to another one.
Field equations
In the previous section, we introduced the heterotic KS ansatz using a pair of null O (d, d + G) vectors. Considering a flat background, we now apply the ansatz to the equations of motion of heterotic DFT and obtain the heterotic KS equation. Analogous to the pure DFT case, we first derive the on-shell constraints for the null vectors and the DFT dilaton by contracting the null vectors with the generalized Ricci tensor. We show that the KS equations are the same as the ones for pure DFT, because all the terms containing the structure constant do not contribute in the flat background. The resulting heterotic KS equations are quadratic, however, we can reduce them to linear equations by restricting the DFT dilaton. Finally, we consider a coordinate transformation which makes the DFT dilaton trivial.
KS ansatz in a flat background
We consider a flat background,g µν = η µν ,B = 0,Ã µ = 0 and d 0 = constant, where η µν is a d-dimensional flat metric, η µν = diag(−1, 1, · · · , 1). The corresponding background projection operators are parametrized as
The corresponding background double-vielbein is given by
whereẽ µ m andẽ µm are vielbeins for the same flat background metric η µν , which satisfỹ eηẽ t = η andẽηẽ t = η. We can identify them as the identity, e µ m = δ µ m andē µm = δ µm . Then the null vectors are parametrized as
Since the only non-vanishing component of the structure constant in (2.13) is f αβγ , it is obvious that KM and P 0MN are orthogonal to fMNP P 0MN fNPQ = 0 , KM fMNP = ∂QKM fMNP = 0 . In fact these constraints are too strong and all the terms containing fMNP in the heterotic DFT Lagrangian vanish, L f = 0. If we turn-off L f , the remaining Lagrangian is the same as in pure DFT and the non-abelian gauge theory reduces to the abelian gauge theory.
We now derive the on-shell constraints, which play an important role in linearizing the field equations, on the null vectors and the DFT dilaton. The constraints correspond to the geodesic condition on the null vector in the conventional KS formalism in GR and can be obtained by contracting the pair of null vectors with the field equations of the generalized metric. The explicit computation shows Note that this is the same form as the pure DFT result [27] , because L f vanishes exactly due to the orthogonality between KM and fMNP (3.4). Following [27] , we impose stronger conditions that each term vanishes separatelȳ
and KKKL∂K ∂Lf = 0 .
(3.7)
Though the above on-shell constraints involve two derivatives, we can reduce them to a simple form with one derivative. For a concise explanation, we define a pair of vectors such that vP =KM ∂M KP ,vP = KM ∂MKP . As we have shown in section 2.2, there are no mutually orthogonal null vectors having the same chirality in Lorentzian signature spacetime. Thus, vM andvM must be proportional to KM andKM respectively, and the on-shell constraints (3.6) reduce to the following first order differential constraints
for some functions α(x) and β(x). In general, we can always set α = β = 0 by taking appropriate rescaling for KM andKM
where h and g are some functions obeying the section condition. This is analogous to the affine parametrization for the geodesic equation, and our on-shell constraint reduces tō KM ∂M KP = 0 , KM ∂MKP = 0 . 
From the identities of the on-shell constraints in (3.18), the above equations can be rewritten as [58] 
and the ▽ µ is the covariant derivative for the total metric. Interestingly, these can be interpreted as the parallel transport equations along l andl with the torsionful connections, and l andl generate parallel transport to each other.
Field equations
We now apply the KS ansatz (2.38) and the on-shell constraints (3.13) and (3.16) in a flat background to the equations of motion of heterotic DFT. Before doing so, we discuss two special properties of the field equations under the generalized KS ansatz.
First, the generalized Ricci tensor (2.19) can be decomposed into three different parts according to the background chiralities. By contracting the background projection operators with the generalized Ricci tensor, we have P 0KM P 0LN SMN = 0 ,P 0KMP0LN SMN = 0 , P 0KMP0LN SMN = 0 .
(3.22)
The first two equations in (3.22) are chiral and anti-chiral parts respectively, and the last equation is a mixed chiral part. These three equations are not independent of each other, but the chiral and anti-chiral equations can be written using the mixed chirality equation
Thus, it is enough to solve the mixed chirality equation. We denote the independent equations of motion as R = S ,
Second, as we discussed in section 3.1, the Lagrangian of the heterotic DFT L f vanishes under the heterotic KS ansatz in a flat background due to the orthogonality between KM and fMNP (3.4). Thus the resulting action is the same form as the pure DFT action. Interestingly, it describes heterotic supergravity with abelian gauge group, even though we started from the non-abelian theory. Thus, S f in (2.18) and K f in (2.20) , which contain fMNP , do not contribute. The explicit form of the field equations is 25) and
26)
and we refer them as heterotic Kerr-Schild equations.
In fact, it is not convenient to solve them in the above form because of redundancies in the generalized tangent vectors. We now recast them in terms of the d-dimensional fields by substituting the parametrization of the null vectors and the section condition
Note that these equations are quadratic in κ, and all the quadratic order terms contain f . In other words, if we turn off f , the field equations reduce to linear in κ exactly. Using this property, we can reduce the heterotic KS equations to linear equations as explained in [27] . One caveat is that the solutions of the reduced linear equations are not an approximation, but exact solutions of the full equations of motion. Here we briefly describe one of these methods.
Note that unlike the generalized metric, there is no restriction on the DFT dilaton in the heterotic KS ansatz. In general one may expect f to be expanded to arbitrary order in κ
If we substitute the expansion of f into the field equation, we get
where the linear order equations are 32) and higher order equations are (n > 1)
Interestingly, we can determine l µ ,l µ , j α and ϕ completely by using the linear order equations only. The remaining higher order equations just define recursion relations for the higher order f (n) , for n > 1. Fortunately, we do not have to solve the cumbersome recursion relations. If we combine the first equation and the trace of the second equation of (3.32), we obtain a simple relation, ϕl ·l − 4f (0) = 0. Then we can solve for f (0) as
where H(x) is a harmonic function, which satisfies H = 0. To determine the harmonic function H(x), we need to impose an appropriate boundary condition on f (0) . By substi- Here we used the on-shell constraints (3.19) and (3.20) .
It is important to note that the solutions of (3.35) are not a perturbative but an exact solution. We expanded f order by order in κ, but we have not expanded l,l, j and ϕ. These can be solved by the linear equations (3.35) and (3.36) . Therefore, the solutions of (3.35) are exact solutions of the equations of motion of heterotic supergravity.
Comments on the DFT dilaton
So far we have only considered a flat background with Cartesian coordinates. In this case, the background metric is constant, and the corresponding connection is trivial. We now want to represent the field equations in a coordinate independent form by using the covariant derivative in Riemannian geometry. In [27] , the generalized KS equations are constructed in a general on-shell background (here we ignored the background Kalb-Ramond field and the DFT dilaton) where▽ 0µ is a covariant derivative for a flat background in an arbitrary coordinate system. In this case the results are independent on the ordering of the covariant derivatives, because they commute between themselves, [▽ 0µ ,▽ 0ν ] = 0. Note that the DFT dilaton is not a scalar field, but a density that transforms under a coordinate transform x µ → x ′µ (x) as
We can find a new coordinate x ′µ that makes the new DFT dilaton d ′ vanish by requiring that the Jacobian is e 2d . ∂x ′ ∂x = e 2d .
(3.39)
Thus, for a given d, we can make the DFT dilaton vanish using the coordinate transformation which is obtained from (3.39). As discussed, all the higher order terms in κ in the field equations include f . Using this fact, if we perform a coordinate transformation satisfying (3.39), the equations of motion become linear,Ř = κ▽ 0µ▽0ν ϕl µlν = 0 ,
where▽ 0µ is a covariant derivative for a flat space with the particular coordinate where f ′ = 0. In fact, this linearization procedure using a coordinate transformation is not practical for solving the equations of motion, because we cannot specify the coordinate transformation without an explicit form of f . However, it is useful to analyze the single or zeroth copy as we will see in the next section.
Classical Double copy
One of the distinctive features of the closed string is the left-right sector decomposition. The closed string mode expansion is decomposed into left and right movers, which are completely decoupled, and each sector corresponds to an open string according to the KLT relation [1] . This structure can be clearly seen in the tree level string scattering amplitudes. The closed string tree level amplitude can be reorganized in terms of a product of two open string tree amplitudes. Recently, this relation was generalized to the field theory level, which is the so-called double copy structure [2] [3] [4] .
In heterotic string theory, the right-mover corresponds to the ten-dimensional supersymmetric open string, and the left-mover corresponds to the 26-dimensional bosonic open string. The mismatched 16 dimensions must be compactified on a toroidal background. Under the field theory limit, α ′ → ∞, each open string theory reduces to Yang-Mills theory. This indicates that the ten-dimensional heterotic supergravity can be described by the 10-dimensional N = 1 super Yang-Mills theory and the Kaluza-Klein reduction of the 26-dimensional bosonic Yang-Mills theory to 10 dimensions
where F µν andF µν are the Yang-Mills field strengths with respect to the A µ andĀ µ respectively, andD µ is the covariant derivative with respect toĀ. Also, X α are 16 scalar fields in the adjoint representation. We now describe the classical double copy including the entire bosonic sector of heterotic supergravity, g µν , B µν , A a µ and φ, through the generalized Kerr-Schild formalism. Assume that the full heterotic KS geometry admits at least one Killing vector ξ µ which satisfies
We can locally choose a coordinate system x µ = (x i , y) such that the Killing vector becomes a constant, ξ µ = ∂x µ /∂y = δ µ y , where y is the isometry direction. By definition of the Lie derivative, all the fields are independent of the y coordinate for the constant Killing vector.
Let us recall some properties of the Killing vector field. From the torsion free condition of the connection, a Killing vector satisfies the following identities
Thus, if we choose a coordinate system where the Killing vector is a constant, it is also covariantly constant, ▽ µ ξ ν = 0. Consider the Lie derivative of an arbitrary rank-n tensor F µ 1 µ 2 ···µn along the constant Killing vector ξ µ
where we have used the torsion free condition for the background connection. Since we are assuming that the Killing vector is covariantly constant, (4.4) is reduced to
Finally, we also normalize l µ andl µ to satisfy ξ · l = ξ ·l = 1 . Combining all the results, we can obtain the so-called zeroth and single copies.
Single Copy
Let us contract the constant Killing vector with one of the free indices of the field equation of the generalized metric (3.37) . Since R µν is not a symmetric tensor, we get three independent equations as follows:
and
If we identify the U (1) gauge fields with the vectors and scalars in the generalized KS ansatz
If we substitute these identifications into (4.8), we get linearized Yang-Mills equations or Maxwell equations
where F andF are the field strengths for two independent Maxwell theories
Obviously, these can be interpreted as the field equations for the abelianized Yang-Mills theories in (4.1), which is the same as Maxwell theory. Since the covariant derivative is for the flat bakcground, we can always go back to the Cartesian coordinate by the inverse of the coordinate transformation defined in (3.39) .
Zeroth Copy
If we contract all the free indices ofŘ µν in (3.40) with the Killing vector, we get a scalar equation
Following [5, 27] , we identify ϕ as the abelianized bi-adjoint scalar field Φ αᾱ [67, 68] , which is the so-called zeroth copy. It is the abelian version of the bi-adjoint scalar field theory.
In this section we have derived Maxwell and Maxwell-scalar field equations from the heterotic KS equations. This shows that the generalized KS type solution can be written in terms of solutions of the Maxwell and Maxwell-scalar theories. Remarkably, these gauge theories are exactly those expected from the heterotic string theory point of view. This is non-trivial evidence for the KS double copy program.
Examples

Charged black string
The simplest example is the fundamental charged heterotic string solution [69] . The explicit geometry is given by
where H(r) is the Green function
The determinant of the metric is
and the DFT dilaton is trivial, e −2d = 1. Since e −2d = 1 and f vanishes, the equations of motion are completely linear. Using the relations in (2.39), we can easily read off the corresponding l µ ,l µ , j α and ϕ l = dt + dx D−1 ,
These reproduce the heterotic supergravity fields (5.1). Note that if we set q = 0, the heterotic KS ansatz reduces to the uncharged black string geometry [27] . We now consider the single and zeroth copy for the charged black string geometry. After taking U (1) gauge transformations, the gauge fields and scalar field are identified as . According to the zeroth copy relation, ϕ is identified with the linearized bi-adjoint scalar field which is proportional to the harmonic function H
Charged dilaton black hole
In heterotic supergravity there exists a static, spherically symmetric charged BH solution in 4-dimensional spacetime [70, 71] . It is a generalization of the charged BH solution in Einstein-Maxwell theory to the Einstein-Maxwell-dilaton theory. In the string frame the geometry is given by
(5.7)
Here, r + and r − are free parameters related to the physical mass and charge by
In order to have the standard sphere part of the metric, r 2 dΩ 2 , we shift the radial coordinate r to ρ = r − r − , and we have ds 2 = −λ 2 ψdt 2 + λ −2 ψdρ 2 + ρ 2 dΩ 2 .
(5.10)
Again we shift the time coordinate t as
then the metric reduces to
where ρ 2 = X 2 + Y 2 + Z 2 , and ds 2 0 is a flat metric
In the Cartesian coordinate the determinant of the metric is det g = −ψ 2 , then the DFT dilaton is trivial as the previous example. We can recast (5.11) in the form of the heterotic KS ansatz ds 2 = ds 2 0 − κϕ 1 + κϕ 2 (l ·l)
One can show that l,l and j satisfy the on-shell constraints (3.19) and the normalization condition (4.6). We now consider the single/zeroth copy for the charged BH case. The single copy is 5.16) and the zeroth copy is
Interestingly, the single and zeroth copies are each represented by Coulomb potentials with different charges. This is not a strange result because the black hole solution is a static and spherically symmetric solution.
Conclusion
In this paper, we extended the KS formalism for pure DFT to the heterotic DFT case. We introduced the heterotic KS ansatz in terms of the pair of O (d, d + G) null vectors which may be represented in terms of a pair of d-dimensional vectors. Unlike the pure DFT case, we can partially relax the null condition, and one of the d-dimensional vectors is not null. Consequently, the heterotic KS ansatz for the d-dimensional heterotic supergravity fields is highly nonlinear, even though the heterotic KS ansatz for the generalized metric is completely linear. However, we showed that the heterotic KS equations in a flat background can be reduced to linear equations. Using the heterotic KS formalism, we obtained single and zeroth copy relations for heterotic supergravity. Since the DFT dilaton transforms as a density under the coordinate transform, we may set it to unity. In that coordinate system, the equations of motion reduce to linear form regardless of the value of the dilaton. By contracting a Killing vector with one of the free indices of the equations of motion in the specific coordinate, we obtained equations of motion for Maxwell and Maxwell-Scalar theories, which are expected from the heterotic string theory point of view. Furthermore, if we contract all the indices with the Killing vector, we get a scalar equation which corresponds to the linearized bi-adjoint scalar field theory.
We considered two examples, the heterotic charged black string solution and the charged black hole solution. We showed that these solutions fit well with the heterotic KS ansatz and identified the Maxwell fields and scalar fields according to the single and zeroth copy relations. We can go further and analyze the known exact solutions for the heterotic supergravities and their compactifications in the framework of the heterotic KS formalism and the classical double copy by solving the linear equations. To this end, it would be useful to construct the Killing spinor equations from the supersymmetric DFT [73] [74] [75] [76] [77] [78] .
One interesting feature of heterotic DFT is that α ′ -corrections can be included by a simple modification of the gauge group [58, 61, 72] . If we regard the spin-connection as a gauge field for the local Lorentz group, then we can naturally include the α ′ leading order correction by adding the local Lorentz group into the gauge group. It would be interesting future work to construct solutions of the field equations with the higher derivative correction.
Another straightforward future direction is the extension to the Kaluza-Klein and Scherk-Schwarz reduction of heterotic DFT and supergravity. In this case we might speculate that the null condition is completely relaxed in the lower dimensional point of view, but the linear structure of the equations of motion is preserved. Thus one can analyze the known solutions in the toroidal compactifications of heterotic supergravity and find new solutions by solving the linear equations as well.
Substituting the parametrization of K M andK M , they yield the following d-dimensional expressions:
If we substitute the KS ansatz into the field equations and use the null and on-shell constraint, we get
(A.10)
Similarly, using the parametrization of the K andK, we get
